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ABSTRACT. (0) Many functions of (numerical) interest are quasimorphisms of a group; to name a few, the
Poincare translation number of Z-periodic (orientation preserving) homeomorphisms on R, the Hirzebruch
signature defect of the mapping torus wrt elements in SL(2,Z), the defect of log(η24) as a function on
PSL(2,Z) (where η : H1 → C is the Dedekind-eta function). They can "essentially" (i.e. up to a bounded
function and a homomorphism, as we’ll see) be expressed as constant multiple of each other, essentially
thanks to the following:

(a) Homeo+(S1), PSL(2,R), and SL(2,R) are uniformly perfect.
(b) All the groups mentioned above have cyclic 2nd group cohomology (in fact, H2(G,Z) ∼= Z for all

G’s in the previous bullet point), generated by the the Euler class.
(1) "A quasimorphism of a group is essentially determined by the bounded cohomology class of its differ-

ential". – This is just a slogan, it is technically wrong (unless trivial), and we will see why. However, this
can be fixed by slightly tweaking the sentence.

(2) A priori, the bounded cohomology class of a bounded 2-cocycle need not be determined by its cohomology
class; however, it is the case when G is uniformly perfect – more succinctly, H2

b (G,R)ιH
2(G,R) in this

case. This is the case for the groups Homeo+(S1), PSL(2,R), SL(2,R) (and their "higher-dimensional
analogues"). Incidentally, all these groups have cyclic H2, which enables us to employ the preceeding
results.

A curious reader should leap forward to Cor2.0.1, and backtrace.
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1. QUASIMORPHISM: AN INTRODUCTION

Definition 1.1. Suppose G is a group, and F : G→ R a function.
(1) The coboundary of F is given by

dF : G×G→ R
(g, h) 7→ F (gh)− F (g)− F (h)

(2) The defect of F is D(F ) := ‖dF‖∞.
(3) F is a quasimorphism if dF is bounded (i.e. when D(F ) <∞).

Remark 1.2. F is a homomorphism precisely when D(F ) = 0.

Theorem 1.3. Let G be any group, and denote Q(G) (resp. B(G)) as the (space of) quasimorphisms (resp. bounded
functions) on G. Let G := {f ∈ Q(G) | f(gn) = nf(g) ∀n ∈ Z} be the (space of) homogeneous quasimorphisms
on G.

(1) For any ϕ ∈ Q(G), define its homogeneization to be ϕ : g 7→ limn→∞
ϕ(gn)
n . Then ϕ is well-defined,

homogeneous, and ‖ϕ− ϕ‖∞ ≤ D(ϕ).
(2) For any group G, we have

Q(G) = Q(G)⊕B(G),

given by the decomposition F = F + (F − F ).
1



Proof. Since |F (gmn) − nF (gm)| ≤ (n − 1)D(F ) and |F (gmn) −mF (gn)| ≤ (m − 1)D(F ) for any n,m ∈ N,
dividing both inequalities by mn yields

|F (gn)

n
−F (gm)

m
| ≤ |F (gn)

n
−F (gmn)

mn
|+|F (gmn)

mn
−F (gm)

m
| ≤ m− 1

mn
D(F )+

n− 1

mn
D(F ) ≤ (

1

n
+

1

m
)D(F ). (?)

Thus,
(1) (a) Since the sequence {F (gn)

n }n∈N is Cauchy, F (g) is well-defined.
(b) The fact that F is homogeneous is clear pretty much from the definition.
(c) Take n = 1 and m→∞, we have |F (g)− F (g)| ≤ D(F ) for all g; immediately, we see that F is

also a quasimorphism.
(2) By above, Q(G) = Q(G) + B(G) can be realized by F = F + (F − F ). The fact that this is a direct

sum follows from the (obvious) fact that B(G) ∩Q(G) = {0}.
�

Proposition 1.4. We say that G is uniformly perfect, if there exists a positive integer k, such that every element of
G is the multiple of at most k commutators. If G is uniformly perfect, then every quasimorphism on G is a bounded
function, i.e. Q(G) = B(G).

Proof. For any f ∈ Q(G), as f − f ∈ B(G) (by above), it suffices to show that f ∈ B(G). And to show this,
we show the following accordingly:

(1) f is a class function (i.e. f(hgh−1) = f(g) for every g, h ∈ G): Observe that

|f(hgh−1) = f(g)| = 1

n
|f(hgnh−1) = f(gn)| = 1

n
|f(hgnh−1)− f(h) = f(gn) + f(h)| ≤ 1

n
(D(f) + |f(h))|.

Sending n→∞ yields the desired result.
(2) f is bounded on the set of commutators (i.e. |f([g, h])| ≤ D(f) for every g, h ∈ G): As f is a class func-

tion, we have
|f([g, h])| = |f(g)− f([g, h])− f(hgh−1)| ≤ D(f)

Since G is uniformly perfect, we are done. �

Remark 1.5. Homeo+(S1), SL(2,R), PSL(2,R), Sp(2g,R), PSp(2g,R) are all uniformly perfect.

Notably, the quasimorphism τ whose coboundary descends to a representative to e was not arbitrarily
chosen. More precisely,

Claim 1.6. Suppose we have a central extension

0→ Z i−→ Γ→ G→ 1

that represents x ∈ H2(G,Z) which has a bounded cocycle representative. Then for any r ∈ R,
(1) there exists a unique Φ = Φx,r ∈ Q(Γ,R) such that Φ(i(1) · γ) = r + Φ(γ).
(2) and for this Φ, dΦ = p∗c for a unique bounded cocycle c of G, where [c] = x.

Proof. To show existence (for r = 1, the rest similar), suppose x ∈ H2(G,Z). then we can see (via pullback
central extension) that p∗xx = 0 ∈ H2(Γ,Z). The rest follows from definition. The proof of uniquness is also
pretty direct. �

1.1. For Completion Sake... Let us put the objects together in a more succinct manner:

Claim 1.7. "Every quasi-morphism is essentially determined by the bounded cohomology class of its differential".
More precisely, for any group G, the coboundary map d : Q(G)→ Z2

b (G) induces a group isomorphism

Q(G)

B(G)⊕ χ(G)
∼= ker(H2

b (G,R)→ H2(G,R))

Proof. Clear from definition. �

Corollary 1.7.1. If G is uniformly perfect, then the canonical map ι : H2
b (G,R) ↪→ H2(G,R) is an injection. In

other words, the bounded-cohomology class of a bounded cocycle determined by its cohomology class.
(The same statement holds if we replace the coefficient R with Z.)
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Proof. This is because Q(G) = B(G) in this case. �

Remark 1.8. This is not the case whenG is not uniformly perfect. For example, dχ (as before) is a coboundary
of PSL(2,Z) in the regular cohomology but not for the bounded cohomology. Otherwise, (I think?) any of
its extensions must be a coboundary on PSL(2,R) as well (which is clearly not the case).

2. APPLICATIONS

Consider the group of Z-periodic (orientation-preserving) homeomorphisms on R, i.e. G = Homeo+
Z (R) =

{f ∈ Homeo+(R) | f(x + 1) = f(x) + 1 ∀x ∈ R}. This the universal cover of the group Homeo+(S1),
yielding the central extension

0→ Z i−→ Homeo+
Z (R)

p−→ Homeo+(S1)→ 1,

where
• i(n) : r 7→ r + n

• p(f̃) : r (mod z) 7→ f̃(r) (mod z)

The corresponding class e ∈ H2(Homeo+(S1),Z) ("the Euler class") 1 is a generator.
The following are quasimorphisms on G:

(1) eval0 : ϕ 7→ ϕ(0)

(2) ξ : ϕ 7→

{
ϕ(0) ϕ(0) ∈ Z
bϕ(0)c+ 1

2 ϕ(0) /∈ Z
• Another way to view ξ is ξ(ϕ) = ϕ(0) − ((ϕ(0))), where ((·)) is the "sawtooth function", given

by

R→ R

x 7→

{
0 x ∈ Z
{x} − 1

2 x /∈ Z
,

where {x} is the fractional part of x.
(3) τ : ϕ 7→ limn→∞

ϕn(0)
n ("the Poincare translation number")

To see this, one can verify that
(1) dξ = p∗c, where c is the cocycle

Homeo+(S1)×Homeo+(S1)→ Z
(g1, g2) 7→ i−1(s(g1g2)−1s(g1)s(g2)),

where s : Homeo+(S1)→ Homeo+
Z (R) is the section s.t. s(f)(0) ∈ [0, 1) for all f ∈ Homeo+(S1).

• Note that D(ξ) = ‖c‖∞ = 1.
(2) In the language of 1.6, τ = Φe,1. Indeed, since τ = eval0 = ξ, we have dτ = p∗(c + df), where

f : Homeo+(S1)→ R is a function bounded by 1.

Example 2.0.1 (χ ∈ Q(PSL(2,Z),R)). Consider the Dedekind-η function

η : H1 → C

z 7→ e
iπz
12

∞∏
n=1

(1− e2πinz)

It is famously known as a "weight- 12" modular form, given by the fact that its 24th power η24 is (the only, up to scalar

multiplication) modular form (wrt PSL(2,Z)) of weight-12, i.e. for A = ±
[
a b
c d

]
∈ PSL(2,Z), we have

η24(Az) = (cz + d)12η24(z).

1Equipping Homeo+(S1) with the compact-open topology, we have Homeo+(S1) ' S1, and thanks to a theorem by Thurston-
Mather, we have H2(Homeo+(S1),Z) ∼= H2(BHomeo+(S1),Z), and thus H2(Homeo+(S1),Z) ∼= Z
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Taking log to be [0, 2π)-valued, we have

log(η24(Az)) = log(η24(z)) + 6 log((cz + d)2) + 2πiχ(A),

giving our function of interest χ : PSL(2,Z) → Z. By §2.2 of [1], dχ = 6c|PSL(2,Z) for a bounded cocycle c of
PSL(2,R) which represents the generator of H2(PSL(2,R),Z) ∼= Z.

Example 2.0.2 (δ ∈ Q(SL(2,Z),R)). For any A ∈ SL(2,Z), let TA be the mapping torus wrt A (SL(2,Z) can be
seen as the mapping class group of T 2). Now, any path γ from A−1 to Id on SL(2,R) gives a stable trivialization
of the stable tangent bundle t(γ) of TA, giving the Hirzebruch signature defect of the framed manifold δ(TA, t(γ))
(which is independent of γ, since π1(SO) ∼= Z/2). This gives a well-defined function δ : A 7→ δ(TA, t). By §2.2 of [1],
dδ = 12c′|PSL(2,Z) for a bounded cocycle c′ of PSL(2,R) which represents the generator of H2(SL(2,R),Z) ∼= Z.

χ and δ are of interest in several different fields, the reader should refer to [1] or [2] for more information.
There are several ways to determine the precise numerical values of χ and δ, one of which (presented by
this handout) is by probing the coboundary. Essentially, since the coboundary of χ (resp. δ) extends to a
bounded cocycle on PSL(2,R) (resp. SL(2,R)), a group where every element can be written as the multiple
of at most 2 commutators, prior knowledge of (unique) homogeneous primitives (of certain type) allows us
to immediately determine χ (resp. δ) up to a bounded function (in fact, up to D(χ) (resp. D(δ))). We will
make precise this statement for χ (this is Prop 2.2 in [Ghys] and Cor 2.0.1). A bit more work will result in
the precise values (in fact, both closely related to this ubiquitous Radamacher function); we refer the reader
to [1].

Corollary 2.0.1. For χ : PSL(2,Z)→ Z defined in Example2.0.1, we have
(1) p∗χ = 6τ + h, where h : PSL(2,Z)→ Z is the unique homomorphism that extends Z 6·−→ Z.
(2) ‖χ− (p∗)−1(6τ + h)‖∞ ≤ 6.

Proof. (2) comes for free from (1), so it suffices to prove (1).
Before we begin the proof, let us say a few words about PSL(2,R). PSL(2,R) acts on S1 (by viewing

it as RP1, and acts via (the descend of) linear transformation, i.e. A.[z] = [Az]); this can also be seen as
the extension of the fractional linear transformation of PSL(2,R) on H1 to ∂H1

∼= S1. Now, this gives an
inclusion of PSL(2,R) into Homeo+(S1); it turns out, this inclusion is a homotopy equivalent, so all that’s
said about Homeo+(S1) can be carried over to PSL(2,R);

Now, back to the proof. Recall that the Euler class e ∈ H2(PSL(2,R),Z) as generator, and
(1) dχ = 6c1|PSL(2,Z) for a bounded 2-cocycle c1 on PSL(2,R) that represents e.
(2) dτ = p∗c2 for a bounded 2-cocycle c2 on PSL(2,R) that represents e.

Thus, d(p∗χ−6τ | ˜PSL(2,Z)
) = d(p∗f |PSL(2,Z)), where f : PSL(2,R)→ R is a quasimorphism (hence bounded

function). Thus, p∗χ − 6τ | ˜PSL(2,Z)
= p∗f |PSL(2,Z) + h, where h ∈ Hom( ˜PSL(2,Z),Z) such that h(i(1)) =

6 (there’s a unique one since H2(PSL(2,Z),Z) ∼= Z/6Z). Taking homogenization to both sides of this
equation, we have p∗χ− 6τ | ˜PSL(2,Z)

+ h. �

3. EPILOGUE: GENERALIZATION

We can generalize the setup to higher-dimensional analogues. By noting the following:
(1) PSL(2,R) acts transitively on the upper half planeH1 = SL(2,R)/U(1)

(2) This action extends to the Gromov boundary2 (∂H1
∼= S1), making PSL(2,R) < Homeo+(S1),

(a) In fact, the inclusion is homotopy equivalent
(3) S1 = RP1 parametrizes the dim-1 subspaces of R2

Similary,
(1) PSp(2g,R) acts transtively on the "Siegel upper half plane"Hg = Sp(2g,R)/U(g)
(2) This action extends to the Gromov boundary (∂Hg ∼= U(g)/O(g) =: Λg), making PSp(2g,R) <

Homeo+(Λg)
(a) In fact, the inclusion is homotopy euqivalent

2wrt the Poincare metric
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(b) Further, det2 : U(g)/O(g)
'−→ S1(⊂ C∗) is a homotopy equivalence (as it is a fibration with

simply-connected fiber SU(g)/SO(g))
(3) Λg can be seen to parametrize the Lagrangian subspaces of R2g
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